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Noise-induced transitions in dynamical systems

Stochastically-driven dynamical systems appear in many fields, like
energy harvesting, laser technology, turbulence, oncology etc.

Environmental noises cannot be adequately described as
delta-correlated white noise since they exhibit finite correlation time:
colored i.e. correlated noise excitations.

Computational cost: We can always perform Monte Carlo
simulations, but they are computationally expensive, and also they are
not analytic tools.
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SDEs and the Fokker–Planck equation

Scalar stochastic differential equation (SDE) driven by potential V :

Ẋ (t) = −V ′(X (t)) + σ(X (t))ξ(t), X (t0) = x0.

where ξ(t) is the noise excitation and σ(x) is the noise intensity.

For ξ(t) Gaussian white noise, Cξ(t1, t2) = δ(t1 − t2),
the classical Fokker–Planck equation is formulated

∂p(x , t)

∂t
=

∂

∂x

{[
V ′(x)− $

2
σ′(x)σ(x)

]
p(x , t)

}
+

1

2

∂2

∂x2

[
σ2(x)p(x , t)

]
,

for the response probability density function (PDF) p(x , t).

$ = 0: Itō interpretation

$ = 1: Stratonovich interpretation
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Fokker–Plank description for colored noise excitations

Can we formulate Fokker–Planck-like equations for SDEs under
Gaussian correlated (colored) excitations, i.e. where Cξ(t1, t2) is a

smooth function?

This was the topic of my PhD, where we derived PDF evolution equations
of drift-diffusion form:

∂p(x , t)

∂t
=
∂

∂x

{[
V ′(x)− σ′(x)σ(x)AM(x , t; p)

]
p(x , t)

}
+

+
∂2

∂x2

[
σ2(x)AM(x , t; p)p(x , t)

]
.

These evolution equations are approximate (range of validity).

Term AM depends on the unknown PDF p(x , t) via a particular
response moment: nonlinear Fokker–Planck equation.

For AM = 1/2 we obtain the classical Fokker–Planck equation in the
Stratonovich interpretation.
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Nonlinear Fokker–Planck eq. for colored noise excitations

∂p(x , t)

∂t
=
∂

∂x

{[
V ′(x)− σ′(x)σ(x)AM(x , t; p)

]
p(x , t)

}
+

+
∂2

∂x2

[
σ2(x)AM(x , t; p)p(x , t)

]
.

with

AM(x , t; p) =
M∑

m=0

Dm(t; p)

m!

{
ζ(x)− R(t)

}m
, M = 0 or 2

Dm(t; p) =

∫ t

t0

Cξ(t, s) exp

[∫ t

s
R(u)du

]
(t − s)mds.

ζ(x) = −σ(x)

(
V ′(x)

σ(x)

)′
, R(t) = E[ζ(X )].

M = 0: Hänggi’s equation
M = 2: our new equation (Mamis et al. 2019 Proc. R. Soc. A).
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First example of colored noise: Ornstein-Uhlenbeck process

Let us specify now the noise excitation in SDE:

Ẋ (t) = −V ′(X (t)) + σ(X (t))ξOU(t), X (t0) = x0.

Colored noise ξOU(t) is the standard scalar Ornstein-Uhlenbeck Gaussian
process, with zero mean and autocorrelation function

COU
ξ (t1, t2) =

1

2scor
exp

(
−|t1 − t2|

scor

)
.

scor > 0 is the (finite) correlation time of OU noise.
Ornstein-Uhlenbeck noise is generated by the first-order, linear SDE:

ξ̇OU(t) = − 1

scor
ξOU(t) +

1

scor
ξWN(t).

For scor → 0 OU results in white noise.
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Stationary distribution

Nonlinear Fokker-Planck:

∂p(x , t)

∂t
=
∂

∂x

{[
V ′(x)− σ′(x)σ(x)AM(x , t; p)

]
p(x , t)

}
+

+
∂2

∂x2

[
σ2(x)AM(x , t; p)p(x , t)

]
.

The closed form of stationary response PDF p0(x):

p0(x ,R) =
C (R)

|σ(x)|AM(x ,R)
exp

(
−
∫ x V ′(y)

σ2(y)AM(y ,R)
dy

)
,

where R < 1/scor stationary value of R(t),
∫ x

dy denotes the
antiderivative, and C (R) is the normalization factor.

Note that this closed form is not a solution by itself for the stationary
nonlinear Fokker-Planck equation, since p0(x ,R) depends also on the still
undefined response moment R.
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Iteration scheme for R

By using the definition of the response moment R,

R =

∫
R
ζ(x)p0(x ,R)dx ,

and then substituting the closed form for p0(x ,R), we obtain the
self-consistency equation of the form:

R = I(R),

Thus, moment R is calculated via the iterative scheme; Rn+1 = I(Rn),
n = 0, 1, . . . As seen in the following numerical examples, this iteration
scheme is rapidly convergent; for an error εtol = 10−4, it converges after 4
iterations, on average.
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Our semi-analytic form for the stationary response PDF

Thus, by using our nonlinear Fokker–Planck equations, we have an
approximate, semi-analytic expression for the stationary response PDF of a
scalar SDE under colored noise excitation.

PDF form: p0(x ,R) =
C (R)

|σ(x)|AM(x ,R)
exp

(
−
∫ x V ′(y)

σ2(y)AM(y ,R)
dy

)
,

Rapidly-convergent iteration scheme for R: R = I(R).

This result can be used to determine the stationary response PDF without
resorting to computationally expensive Monte Carlo simulations.
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Bistable additively excited benchmark case

First example: SDE with symmetric bistable potential with wells at ±1
under additive OU excitation:

Ẋ (t) = −X 3(t) + X (t) + σξ(t).

Lyapunov time scale 0.5.
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σ = 1.2, scor = 0.25
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Compartmental Models of Epidemiology-SIS model

The SIS model is governed by the equations

dS

dt
= − λ

N
SI + γI ,

dI

dt
=
λ

N
SI − γI ,

with the susceptible (S) and infected (I) compartments, N is the total
population.
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Compartmental Models of Epidemiology-SIS model

Constant population assumption and state variable X = I/N ∈ [0, 1]:

dX

dt
= λX (1− X )− γX

Basic reproduction number R0 = λ/γ. Two equilibria: 0, (λ− γ)/λ.

for R0 < 1, equilibrium point 0 is stable (disease dies out)

for R0 > 1, equilibrium point 0 is unstable and (λ− γ)/λ is stable.
(endemic disease)

Lyapunov time scale (λ− γ)−1.
We assume that the curing rate γ is a deterministic constant and the
contact rate λ(t) = λ̄+ σξ(t) is a stochastic process.

dX

dt
= λX (1− X )− γX + σX (1− X )ξ(t)
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Stochastic SIS model, ξ(t) is white noise

Stationary solution to the classical Fokker-Planck equation:

p0(x) = N x

2(1−R−1
0 )

(σ2/λ̄)
−2+$

(1− x)
−

2(1−R−1
0 )

(σ2/λ̄)
−2+$

exp

(
− 2R−1

0(
σ2/λ̄

) 1

1− x

)
,

$ = 0: Itō solution, $ = 1: Stratonovich solution.

Basic reproduction number R0 of the underlying deterministic model.

Relative noise level σ2/λ̄.
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Stochastic SIS model, ξ(t) is white noise

III
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I: Unimodal with mode at a non-zero X . II: Bimodal with one mode at
X = 0. III: Unimodal with mode at X = 0. IV: Delta function at X = 0.
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Stochastic SIS model, ξ(t) is white noise

1 < R0 < 1.5
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R0 = 1.4

Stationary response PDFs for SIS model under white noise 

A B
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Stochastic SIS model, ξ(t) is white noise
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Stochastic SIS model, ξ(t) is white noise

R0 > 2
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<latexit sha1_base64="DIWYCN0rRjpo4jBHx9pO6+K07o8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPTdfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAA6o2g</latexit>

p
0

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x <latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

Itō solution Stratonovich solution
<latexit sha1_base64="pkVAFwEMdx9L+DN3/GB0prp1Z4I=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JbinoRil48VrEf0C4lm2bb0GyyJFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJpJQoMYDwWLGMHGSu2Hvndddav9csVzvTnQKvFzUoEcjX75qzeQJI2pMIRjrbu+l5ggw8owwum01Es1TTAZ4yHtWipwTHWQzc+dojOrDFAklS1h0Fz9PZHhWOtJHNrOGJuRXvZm4n9eNzXRVZAxkaSGCrJYFKUcGYlmv6MBU5QYPrEEE8XsrYiMsMLE2IRKNgR/+eVV0qq6/oVbu69V6jd5HEU4gVM4Bx8uoQ530IAmEBjDM7zCm5M4L86787FoLTj5zDH8gfP5A6V6jnk=</latexit>

R0 = 2.2
<latexit sha1_base64="pkVAFwEMdx9L+DN3/GB0prp1Z4I=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JbinoRil48VrEf0C4lm2bb0GyyJFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJpJQoMYDwWLGMHGSu2Hvndddav9csVzvTnQKvFzUoEcjX75qzeQJI2pMIRjrbu+l5ggw8owwum01Es1TTAZ4yHtWipwTHWQzc+dojOrDFAklS1h0Fz9PZHhWOtJHNrOGJuRXvZm4n9eNzXRVZAxkaSGCrJYFKUcGYlmv6MBU5QYPrEEE8XsrYiMsMLE2IRKNgR/+eVV0qq6/oVbu69V6jd5HEU4gVM4Bx8uoQ530IAmEBjDM7zCm5M4L86787FoLTj5zDH8gfP5A6V6jnk=</latexit>

R0 = 2.2

Stationary response PDFs for SIS model under white noise 

E F
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Stochastic SIS model, ξ(t) is Ornstein-Uhlenbeck noise

In the case of stochastic SIS model, the stationary value of the response
moment that makes our evolution equation a nonlinear Fokker-Planck is
calculated analytically.
The stationary PDF is expressed in analytic form, and depends on three
dimensionless parameters:

Basic reproduction number R0 of the underlying deterministic model.

Relative noise level σ2/λ̄.

Relative correlation time of OU noise a = τ(λ̄− γ)
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Stochastic SIS model, ξ(t) is Ornstein-Uhlenbeck noise

III
IIb

Ib

Ia

<latexit sha1_base64="cmkQa7xsDpfZX7JAPbgoWYfMXyo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVU1KUZdFNy4r2Ac0sdxMJu3QmUmYmQglduGvuHGhiFt/w51/4/Sx0NYDA4dz7uHeOWHKqNKu+20tLa+srq0XNoqbW9s7u/beflMlmcSkgROWyHYIijAqSENTzUg7lQR4yEgrHFyP/dYDkYom4k4PUxJw6AkaUwzaSF370Fe0x+G+cuaHIHOfmWgEo65dcsvuBM4i8WakhGaod+0vP0pwxonQmIFSHc9NdZCD1BQzMir6mSIp4AH0SMdQAZyoIJ/cP3JOjBI5cSLNE9qZqL8TOXClhjw0kxx0X817Y/E/r5Pp+DLIqUgzTQSeLooz5ujEGZfhRFQSrNnQEMCSmlsd3AcJWJvKiqYEb/7Li6RZKXvn5epttVS7mtVRQEfoGJ0iD12gGrpBddRAGD2iZ/SK3qwn68V6tz6mo0vWLHOA/sD6/AHYgpYC</latexit> �
2
/�̄

Bifurcation diagram for SIS model under Ornstein-Uhlenbeck noise
<latexit sha1_base64="5WLLoagpBkk7gyymGqxf+ZgH8wU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHui12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AtleNbw==</latexit>

a = 0white noise 
<latexit sha1_base64="TRNT/XMGkG8tSdouB90zV2w2LC8=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5BIUS9C0YvHCqYttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPS2vrG5lZ5u7Kzu7d/UD08aukkU5T5NBGJ6oREM8El8w03gnVSxUgcCtYOx3czv/3ElOaJfDSTlAUxGUoecUqMlXxy4zpev1pzHXcOvEq8gtSgQLNf/eoNEprFTBoqiNZdz01NkBNlOBVsWullmqWEjsmQdS2VJGY6yOfHTvGZVQY4SpQtafBc/T2Rk1jrSRzazpiYkV72ZuJ/Xjcz0XWQc5lmhkm6WBRlApsEzz7HA64YNWJiCaGK21sxHRFFqLH5VGwI3vLLq6R14XiXTv2hXmvcFnGU4QRO4Rw8uIIG3EMTfKDA4Rle4Q1J9ILe0ceitYSKmWP4A/T5A5H+jeI=</latexit>

a = 0.1

III

Ib

Ia

IIaIIa

IIb

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A
<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="9PritDBZYd9+2z9E1CI7YMosK8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c9t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/TJ42C</latexit>

R0
<latexit sha1_base64="9PritDBZYd9+2z9E1CI7YMosK8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c9t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/TJ42C</latexit>

R0
<latexit sha1_base64="pUnNcYQf0qH3ZS8b/t1pViuTT0w=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBhThjiLokunGJiTwSmEw6pQMN7czYdghkwne4caExbv0Yd/6NBWah6Enuzck596a3x485U9q2v6zcyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopyFtKGZ5rQdS4qFz2nLH97O/NaISsWi8EFPYuoK3A9ZwAjWRnLLY0+cjT3n9Nw0r1iyK/Yc6C9xMlKCDHWv+NntRSQRNNSEY6U6jh1rN8VSM8LptNBNFI0xGeI+7RgaYkGVm86PnqITo/RQEElToUZz9edGioVSE+GbSYH1QC17M/E/r5Po4NpNWRgnmoZk8VCQcKQjNEsA9ZikRPOJIZhIZm5FZIAlJtrkVDAhOMtf/kuaFxXnslK9r5ZqN1kceTiCYyiDA1dQgzuoQwMIPMITvMCrNbKerTfrfTGas7KdQ/gF6+MbGWmRBg==</latexit>

(xm � x1)/x1
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Stochastic SIS model, ξ(t) is Ornstein-Uhlenbeck noise

<latexit sha1_base64="9PritDBZYd9+2z9E1CI7YMosK8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c9t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/TJ42C</latexit>

R0

<latexit sha1_base64="cmkQa7xsDpfZX7JAPbgoWYfMXyo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVU1KUZdFNy4r2Ac0sdxMJu3QmUmYmQglduGvuHGhiFt/w51/4/Sx0NYDA4dz7uHeOWHKqNKu+20tLa+srq0XNoqbW9s7u/beflMlmcSkgROWyHYIijAqSENTzUg7lQR4yEgrHFyP/dYDkYom4k4PUxJw6AkaUwzaSF370Fe0x+G+cuaHIHOfmWgEo65dcsvuBM4i8WakhGaod+0vP0pwxonQmIFSHc9NdZCD1BQzMir6mSIp4AH0SMdQAZyoIJ/cP3JOjBI5cSLNE9qZqL8TOXClhjw0kxx0X817Y/E/r5Pp+DLIqUgzTQSeLooz5ujEGZfhRFQSrNnQEMCSmlsd3AcJWJvKiqYEb/7Li6RZKXvn5epttVS7mtVRQEfoGJ0iD12gGrpBddRAGD2iZ/SK3qwn68V6tz6mo0vWLHOA/sD6/AHYgpYC</latexit> �
2
/�̄

<latexit sha1_base64="9PritDBZYd9+2z9E1CI7YMosK8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c9t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/TJ42C</latexit>

R0

Bifurcation diagram for SIS model under Ornstein-Uhlenbeck noise
<latexit sha1_base64="4/yi9vYQYmYfg+EfKu+ca54lMbw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hKUS9C0YvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX42nPr/WrNc7050CrxC1KDAq1+9as3SEgmqDSEY627vpeaMMfKMMLptNLLNE0xGeMh7VoqsaA6zOfHTtGZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2edowBQlhk8swUQxeysiI6wwMTafig3BX355lbTrrn/hNu4bteZNEUcZTuAUzsGHS2jCHbQgAAIMnuEV3hzpvDjvzseiteQUM8fwB87nD5OCjeM=</latexit>

a = 0.2
<latexit sha1_base64="lz1Nansjr2Bsv0h9CvBROgmZCwQ=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5CIXxeh6MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v1FpZXVtfaO8Wdna3tndq+4fNHWSKcp8mohEtUOimeCS+YYbwdqpYiQOBWuFo7up33piSvNEPppxyoKYDCSPOCXGSj65cZ2LXrXmOu4MeJl4BalBgUav+tXtJzSLmTRUEK07npuaICfKcCrYpNLNNEsJHZEB61gqScx0kM+OneATq/RxlChb0uCZ+nsiJ7HW4zi0nTExQ73oTcX/vE5mousg5zLNDJN0vijKBDYJnn6O+1wxasTYEkIVt7diOiSKUGPzqdgQvMWXl0nzzPEunfOH81r9toijDEdwDKfgwRXU4R4a4AMFDs/wCm9Iohf0jj7mrSVUzBzCH6DPH5gOjeY=</latexit>

a = 0.5

III

IIb

Ib

Ia

III

IIb

Ib

Ia

IIa
IIa

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="pUnNcYQf0qH3ZS8b/t1pViuTT0w=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBhThjiLokunGJiTwSmEw6pQMN7czYdghkwne4caExbv0Yd/6NBWah6Enuzck596a3x485U9q2v6zcyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopyFtKGZ5rQdS4qFz2nLH97O/NaISsWi8EFPYuoK3A9ZwAjWRnLLY0+cjT3n9Nw0r1iyK/Yc6C9xMlKCDHWv+NntRSQRNNSEY6U6jh1rN8VSM8LptNBNFI0xGeI+7RgaYkGVm86PnqITo/RQEElToUZz9edGioVSE+GbSYH1QC17M/E/r5Po4NpNWRgnmoZk8VCQcKQjNEsA9ZikRPOJIZhIZm5FZIAlJtrkVDAhOMtf/kuaFxXnslK9r5ZqN1kceTiCYyiDA1dQgzuoQwMIPMITvMCrNbKerTfrfTGas7KdQ/gF6+MbGWmRBg==</latexit>

(xm � x1)/x1
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Stochastic SIS model, ξ(t) is Ornstein-Uhlenbeck noise

<latexit sha1_base64="cmkQa7xsDpfZX7JAPbgoWYfMXyo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVU1KUZdFNy4r2Ac0sdxMJu3QmUmYmQglduGvuHGhiFt/w51/4/Sx0NYDA4dz7uHeOWHKqNKu+20tLa+srq0XNoqbW9s7u/beflMlmcSkgROWyHYIijAqSENTzUg7lQR4yEgrHFyP/dYDkYom4k4PUxJw6AkaUwzaSF370Fe0x+G+cuaHIHOfmWgEo65dcsvuBM4i8WakhGaod+0vP0pwxonQmIFSHc9NdZCD1BQzMir6mSIp4AH0SMdQAZyoIJ/cP3JOjBI5cSLNE9qZqL8TOXClhjw0kxx0X817Y/E/r5Pp+DLIqUgzTQSeLooz5ujEGZfhRFQSrNnQEMCSmlsd3AcJWJvKiqYEb/7Li6RZKXvn5epttVS7mtVRQEfoGJ0iD12gGrpBddRAGD2iZ/SK3qwn68V6tz6mo0vWLHOA/sD6/AHYgpYC</latexit> �
2
/�̄

<latexit sha1_base64="9PritDBZYd9+2z9E1CI7YMosK8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c9t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/TJ42C</latexit>

R0
<latexit sha1_base64="9PritDBZYd9+2z9E1CI7YMosK8Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c9t1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb2L6vndeaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx/TJ42C</latexit>

R0

Bifurcation diagram for SIS model under Ornstein-Uhlenbeck noise
<latexit sha1_base64="kNN8ONVtn+BwNMyYdShSxtwiiLA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEtBeh6MVjBdMW2lA22027dLMbdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NIyU4QGRHKpOhHWlDNBA8MMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUoBvPLfer9Y815sDrRK/IDUo0OxXv3oDSbKECkM41rrre6kJc6wMI5xOK71M0xSTMR7SrqUCJ1SH+fzYKTqzygDFUtkSBs3V3xM5TrSeJJHtTLAZ6WVvJv7ndTMT18OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSH4yy+vktaF61+5lw+XtcZtEUcZTuAUzsGHa2jAPTQhAAIMnuEV3hzhvDjvzseiteQUM8fwB87nD5yajek=</latexit>

a = 0.8
<latexit sha1_base64="0uQJJgCkJ57+sEOjGe6qDs2gmJs=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5BIUS9C0YvHCqYttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPS2vrG5lZ5u7Kzu7d/UD08aukkU5T5NBGJ6oREM8El8w03gnVSxUgcCtYOx3czv/3ElOaJfDSTlAUxGUoecUqMlXxy4zluv1pzHXcOvEq8gtSgQLNf/eoNEprFTBoqiNZdz01NkBNlOBVsWullmqWEjsmQdS2VJGY6yOfHTvGZVQY4SpQtafBc/T2Rk1jrSRzazpiYkV72ZuJ/Xjcz0XWQc5lmhkm6WBRlApsEzz7HA64YNWJiCaGK21sxHRFFqLH5VGwI3vLLq6R14XiXTv2hXmvcFnGU4QRO4Rw8uIIG3EMTfKDA4Rle4Q1J9ILe0ceitYSKmWP4A/T5A5IAjeI=</latexit>

a = 1.0

III

IIb

Ib

Ia

III

IIb

Ib

Ia

IIa IIa

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A
<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="pUnNcYQf0qH3ZS8b/t1pViuTT0w=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzHBhThjiLokunGJiTwSmEw6pQMN7czYdghkwne4caExbv0Yd/6NBWah6Enuzck596a3x485U9q2v6zcyura+kZ+s7C1vbO7V9w/aKookYQ2SMQj2faxopyFtKGZ5rQdS4qFz2nLH97O/NaISsWi8EFPYuoK3A9ZwAjWRnLLY0+cjT3n9Nw0r1iyK/Yc6C9xMlKCDHWv+NntRSQRNNSEY6U6jh1rN8VSM8LptNBNFI0xGeI+7RgaYkGVm86PnqITo/RQEElToUZz9edGioVSE+GbSYH1QC17M/E/r5Po4NpNWRgnmoZk8VCQcKQjNEsA9ZikRPOJIZhIZm5FZIAlJtrkVDAhOMtf/kuaFxXnslK9r5ZqN1kceTiCYyiDA1dQgzuoQwMIPMITvMCrNbKerTfrfTGas7KdQ/gF6+MbGWmRBg==</latexit>

(xm � x1)/x1
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Correlated noise reduces the shift towards zero

White noise (Stratonovich solution)

White noise (Stratonovich solution)

Ornstein-Uhlenbeck noise
<latexit sha1_base64="lz1Nansjr2Bsv0h9CvBROgmZCwQ=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5CIXxeh6MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v1FpZXVtfaO8Wdna3tndq+4fNHWSKcp8mohEtUOimeCS+YYbwdqpYiQOBWuFo7up33piSvNEPppxyoKYDCSPOCXGSj65cZ2LXrXmOu4MeJl4BalBgUav+tXtJzSLmTRUEK07npuaICfKcCrYpNLNNEsJHZEB61gqScx0kM+OneATq/RxlChb0uCZ+nsiJ7HW4zi0nTExQ73oTcX/vE5mousg5zLNDJN0vijKBDYJnn6O+1wxasTYEkIVt7diOiSKUGPzqdgQvMWXl0nzzPEunfOH81r9toijDEdwDKfgwRXU4R4a4AMFDs/wCm9Iohf0jj7mrSVUzBzCH6DPH5gOjeY=</latexit>

a = 0.5

<latexit sha1_base64="5Eh+lkrVuJDQ4/gfSDkUst7BAEk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4CokU9SIUvXisYj+gDWWznbRLN5uwuxFK6Y/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbTzv21lZXVvf2CxsFbd3dvf2SweHDZ1kimGdJSJRrZBqFFxi3XAjsJUqpHEosBkOb6d+8wmV5ol8NKMUg5j2JY84o8ZKzYeud+27lW6p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZuRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegqGHOZZgYlmy+KMkFMQqa/kx5XyIwYWUKZ4vZWwgZUUWZsQkUbgr/48jJpnLv+hVu5r5SrN3kcBTiGEzgDHy6hCndQgzowGMIzvMKbkzovzrvzMW9dcfKZI/gD5/MHpvyOeg==</latexit>

R0 = 1.4

<latexit sha1_base64="2mm+6aKyVq3nK8y2Srzzk5KpAIw=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgadmVYr0IRS8eq9gPaJeSTbNtaDa7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfqPC2vrG5lZxu7Szu7d/UD48auk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GN/O/PYTU5rH8tFMEuZHZCh5yCkxVmo/9N1rz6n1yxXXcefAq8TLSQVyNPrlr94gpmnEpKGCaN313MT4GVGGU8GmpV6qWULomAxZ11JJIqb9bH7uFJ9ZZYDDWNmSBs/V3xMZibSeRIHtjIgZ6WVvJv7ndVMTXvkZl0lqmKSLRWEqsInx7Hc84IpRIyaWEKq4vRXTEVGEGptQyYbgLb+8SloXjnfpVO+rlfpNHkcRTuAUzsGDGtThDhrQBApjeIZXeEMJekHv6GPRWkD5zDH8Afr8AauIjn0=</latexit>

R0 = 1.7

<latexit sha1_base64="DIWYCN0rRjpo4jBHx9pO6+K07o8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPTdfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAA6o2g</latexit>

p
0

<latexit sha1_base64="DIWYCN0rRjpo4jBHx9pO6+K07o8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPTdfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAA6o2g</latexit>

p
0

Ornstein-Uhlenbeck noise
<latexit sha1_base64="lz1Nansjr2Bsv0h9CvBROgmZCwQ=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5CIXxeh6MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v1FpZXVtfaO8Wdna3tndq+4fNHWSKcp8mohEtUOimeCS+YYbwdqpYiQOBWuFo7up33piSvNEPppxyoKYDCSPOCXGSj65cZ2LXrXmOu4MeJl4BalBgUav+tXtJzSLmTRUEK07npuaICfKcCrYpNLNNEsJHZEB61gqScx0kM+OneATq/RxlChb0uCZ+nsiJ7HW4zi0nTExQ73oTcX/vE5mousg5zLNDJN0vijKBDYJnn6O+1wxasTYEkIVt7diOiSKUGPzqdgQvMWXl0nzzPEunfOH81r9toijDEdwDKfgwRXU4R4a4AMFDs/wCm9Iohf0jj7mrSVUzBzCH6DPH5gOjeY=</latexit>

a = 0.5
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Stochastic SEIR model for COVID-19 pandemic

A. Compartmental epidemiological model B. US data (Johns Hopkins database)
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C. Fitting deterministic SEIR model to data
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D. White noise: underestimates pandemic severity

Increasing noise intensity
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Increasing noise intensity

E. Correlated noise: more accurate forecasts
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Stochastic perturbation in contact rate:
<latexit sha1_base64="y1h2i+p6kUupD/J7Pavk1HCUxrk=">AAACC3icbVDLSgMxFM34rPU16tJNaBEqQpmRom6EohuXFewDOkO5k8m0oZkHSUYsQ/du/BU3LhRx6w+4829M21lo64HAyTnnktzjJZxJZVnfxtLyyuraemGjuLm1vbNr7u23ZJwKQpsk5rHoeCApZxFtKqY47SSCQuhx2vaG1xO/fU+FZHF0p0YJdUPoRyxgBJSWembJ4Trsw6Xjgcjyy/jEkawfgvPAKuq4Z5atqjUFXiR2TsooR6Nnfjl+TNKQRopwkLJrW4lyMxCKEU7HRSeVNAEyhD7tahpBSKWbTXcZ4yOt+DiIhT6RwlP190QGoZSj0NPJENRAznsT8T+vm6rgws1YlKSKRmT2UJByrGI8KQb7TFCi+EgTIILpv2IyAAFE6fqKugR7fuVF0jqt2mfV2m2tXL/K6yigQ1RCFWSjc1RHN6iBmoigR/SMXtGb8WS8GO/Gxyy6ZOQzB+gPjM8fxvua4g==</latexit>

� = �̄ + �⇠(t)

ExposedSusceptibles

InfectedRemoved

<latexit sha1_base64="wdrE596YDQX74mx1dm4eRv2v8Pw=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWakqMuiG91VtA9sh5LJZNrQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwznnknuPnwiujeN8o8LK6tr6RnGztLW9s7tX3j9o6ThVlDVpLGLV8YlmgkvWNNwI1kkUI5EvWNsfXU/99hNTmsfywYwT5kVkIHnIKTFWeuwJGw0Ivr/tlytO1ZkBLxM3JxXI0eiXv3pBTNOISUMF0brrOonxMqIMp4JNSr1Us4TQERmwrqWSREx72WzjCT6xSoDDWNknDZ6pvycyEmk9jnybjIgZ6kVvKv7ndVMTXnoZl0lqmKTzj8JUYBPj6fk44IpRI8aWEKq43RXTIVGEGltSyZbgLp68TFpnVfe8WrurVepXeR1FOIJjOAUXLqAON9CAJlCQ8Ayv8IY0ekHv6GMeLaB85hD+AH3+ANRSkGA=</latexit>

�SI

<latexit sha1_base64="OMA5b1RrFMU+F2ro1ysHbIH4KYg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRBI8V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZK7S6KZIjktleuuFV3BrJMvJxUIEe9V/7q9mOaRkwaKlDrjucmxs9QGU4Fm5S6qWYJ0hEOWMdSiRHTfja7d0JOrNInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwis/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxEJRuCt/jyMmmeVb2L6vn9eaV2ncdRhCM4hlPw4BJqcAd1aAAFAc/wCm/Oo/PivDsf89aCk88cwh84nz92VI+a</latexit>

↵E

<latexit sha1_base64="61wAO+gtzkIwYtQ7J+CQlQdOlKE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi94q2A9oQ5lsN+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUUdagsYhVO0DNBI9Yw3AjWDtRDGUgWCsY3Uz91hNTmsfRgxknzJc4iHjIKRortbsDlBLJXa9ccavuDGSZeDmpQI56r/zV7cc0lSwyVKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEUqm/Wx274ScWKVPwljZigyZqb8nMpRaj2VgOyWaoV70puJ/Xic14ZWf8ShJDYvofFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4Bbq0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8Ad8iPmw==</latexit>

�I

⇢R
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Stochastic SEIR model for COVID-19 pandemic

Asymptotic cumulative COVID cases
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Ornstein-Uhlenbeck correlation time: 1 week.
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Summary

New, approximate yet accurate nonlinear Fokker-Planck equation for
SDEs under correlated noise.

The effect of noise at dynamical systems is non-trivial, and exhibit
richer behavior that undrlying deterministic problems.

There are phenomena that arise only for correlated noise excitations.

The response to correlated noise can be very different than the
response to white noise: temporal correlations matter.
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Thank you for your attention!
Questions?
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