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The Coupled-Mode approach

A semi-analytical method to solve waveguide problems

DU=F, in Q
Solve P:{B,U=f, on I7",
BnU=g, on T}y

D diff.operator

By, B, boundary operators

Strategy

Bt
vertical STURM-LIOUVILLE problem (reference waveguide) in [-h(x),n(x)]

o Derive equations on Uy (x,t)

e Solve them numerically

e Construct a representation UM (x, z,t) = ¥ Un (X, t) Zn(z;x,t) in Q7 associated with a
n
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Internal Tides



Internal tides in the ocean

First observation NANSEN (1893), PETTERSON (1908) and experiments (EKMAN, 1904, ZEILON 1912, 1934)
BAINES PG. 1973. The generation of internal tides by flat-bump topography. Deep-Sea Res.

BELL TH. 1975a. Lee waves in stratified flows with simple harmonic time dependence. J. Fluid Mech.
BeLL TH. 1975b. Topographically generated internal waves in the open ocean. J. Geophys. Res.
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Physical Assumptions and approximations

linearized, inviscid Boussinesq equations

e The fluid is ideal and stratified
& linearization

& f-plane approx.
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Physical Assumptions and approximations

linearized, inviscid Boussinesq equations
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e w=0,0onz=0

e Np-(u,w)=0,0nz=-h
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e Background state (po(z),po(2))
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Governing Equations e Stream function formulation

PO,z

Introduce the buoyancy b = —g% and the Briint-Vaisalld frequency N, N? = —g >

we - fv=—p, |
ok o, W(x,2,t) = R{p(x, 2)e™ ™"} st |- = Qcoswt
we = —pz + b7 ) )
2 (0 1 0
be+ N w =0, Luqb:(@—ﬁﬁ)q&:Q
Ug +w, =0,
Blo=0, ¢l-n=Q.
Ny - (u>w)|*h = 0>
N2 — 2
wlo = 0. = 27]02 >0, @ flow rate amplit.
P —

0
[ udz = Q coswt
-h

Q =120 m?s ™! corresponding e.g. to a barotropic velocity amplitude at & — —co of
Uo=Q/ho=4cms ™" (resp. Uy =4.46 cms™") and a depth ho = 3 km.

w=14x10"" s, f=10"" s7" is the value around latitude 45°N, N = 1.5 x 107% s7*,
meaning that p ~ 15.2)
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The internal tide generation problem

e The total flow is written p= & + N 4 g# = O 4 pNH, 47
hydrostatic  non-hydrostatic hydrostatic ‘ﬁf

BAINES PG. 1973. The generation of internal tides by flat-bump topography. Deep-Sea Res.
GARETT & GERKEMA 2006. On the Body-Force Term in Internal-Tide Generation. J. Phys. Oceanogr.
Maas 2011, Topographies lacking tidal conversion, J. Fluid Mech.
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e The total flow is written p= & + N 4 g# = O 4 pNH, 47

—— —— ——
hydrostatic  non-hydrostatic hydrostatic ‘ﬁf
Lot =L, (-2 - iy
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s
te0) =0 P ot ~ e**nsin(kEz), as z - +o0
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+ —hs 13
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e For general seamount and shelf topography, this problem has not been solved.
MAAS obtained special non-radiating solutions.
e Energy equation

+0oo

[[Z (pfuf>dz] e (1 - ]%22) fQ<W(0)bT)dQ,

BAINES PG. 1973. The generation of internal tides by flat-bump topography. Deep-Sea Res.
GARETT & GERKEMA 2006. On the Body-Force Term in Internal-Tide Generation. J. Phys. Oceanogr.
Maas 2011, Topographies lacking tidal conversion, J. Fluid Mech.
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Normal mode decomposition

e The solution quT is written in the form

A (@,2) = 3 du (@) Zn(z; b))

n=1

where the vertical functions Z,, are defined by the SL problem

Zn,zz + ’%izn = 07 —h(I) <z< 07
Zn:(), 2=0 %(I%n,Zn):(%,Sin(l%nZ))
Zn=0, z=-h(z),

and the unknown modal amplitudes ¢,, are defined by

2 0 4
n = — Zndz.
¢ —h‘[hgZS N
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Zn:(), 2=0 %(I%n,Zn):(%,Sin(l%nZ))
Zn=0, z=-h(z),

and the unknown modal amplitudes ¢,, are defined by
9 0

o = —f & Zndz.
-h J-n

e It can be shown that if ¢! is sufficiently smooth, then ¢, = O(n™2), ¢n.. = O(n™?),
and ¢ ze = O(n73).

e Through a Galerkin-type procedure, we derive equations on ¢,.
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The Coupled-Mode System for internal tides

~2 oo 2 _ m
brome 4 Fm (cmnhz Amnhos 2(-1)

1
n=Q=——h(-) ,m21,
hZ ' h )d’ @ h(h)mm !

Gm.z ik dm =0, as x — +oo.

Energy conversion rate

N2_ 2 0 J—
Cu=p,~ [, 3{otel}az
=0 2w ~hy
Baroclinic velocities

= (- ™) Y wF = mf(¢!-a™) e

m‘“‘{h} <1, e = pmax{|hy|} <« 1

2 2 2 2471/2
CWTA _ Z)\7z7”()\ Y (n)ers FO:&[(N —w ) (w - f )]

Onl 2m w

where A\, = nm/(pho), €x = An/n = 7/(pho) and #(&) = [ exp(—iz&)r(s)ds.

Weak topography approximation: ¢ =

U?h3,

LLEWELLYN SMITH & YOUNG 2002, Conversion of the barotropic tide, J. Phys. Oceanogr.
ST. LAURENT ET AL. 2003, The generation of internal tides at abrupt topography, Deep Sea Res.
CH. P ET AL. Internal tide generation from isolated seamounts and continental shelves (under revision)
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Considered topographies

hy z? 1
hw=——, hc=h -— |, hs=h = —+1 1. ,
w 1+%;, G exp( 2L2) B exp( 17%;+ ) (-L,L)

max{h}.

Parameters: € = pmax{|h,|} and = ;
0
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Results ¢ Energy conversion rate

LLEWELLYN SMITH & YOUNG 2002, Conversion of the barotropic tide, J. Phys. Oceanogr.
ST. LAURENT ET AL. 2003, The generation of internal tides at abrupt topography, Deep Sea Res.
MAAs 2011, Topographies lacking tidal conversion, J. Fluid Mech.
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Results ¢ Energy conversion rate

e Our calculations converge to WTA predictions as § — 0
o (Gaussian) Error exceeds 20% for § ~ 0.12 (¢ =0.1), 6 0.4 (¢ =0.5), 6 0.3 (¢ = 1)

e WTA does not predict non-radiating topographies in the subcritical regime

LLEWELLYN SMITH & YOUNG 2002, Conversion of the barotropic tide, J. Phys. Oceanogr.
ST. LAURENT ET AL. 2003, The generation of internal tides at abrupt topography, Deep Sea Res.
MAAs 2011, Topographies lacking tidal conversion, J. Fluid Mech.
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Results ¢ Gaussian seamount

Video
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EcHEVERRI, PEACOCK 2010, Internal tide generation by arbitrary two-dimensional topography, J. fluid.
Mech
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Water Waves



Physical Assumptions

e The fluid is ideal and homogeneous

LUKE 1967, A variational principle for a fluid with a free surface, J. Fluid Mech.
ZAKHAROV 1968, Stability of periodic waves on the surface..., J. Appl. Mech. Tech. Phys.
CRrAIG & SULEM 1993, Numerical simulation of gravity waves, J. Comp. Phys.
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(Q’[n, hly + Vxip - Vxn)2 (DtN) 4 Np-[VP],__, =0
20+VaP) (@], =%

z=n

1
O = —§|Vx1/)\2 +
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Consistent Coupled-Mode Theory

o B(x,2,1) = pa(x, 1) Z-2(25 1, B) + o1 (%, ) 21 (0, ) + 3 (%, 1) Zn(25m, B),
n=0

Free Surface Mode Sloping Bottom Mode Standard Modal Expansion
(0:2-4], —po[Z-1],=0
o= S [azi]_hz Z—l : { L n
[azzfl]—h, =1
[0:Z-2], —mo[Z-2], =1
-2 = [8ZCI> - MOCI)]" , T { @ n
[82272]—h =0

OseZim + k2 Zn =0

; [0:Zn],, - o [Zn],, =0

on = [h (=9 1Z1 - p-2Z2) Zndz, Zn: [0.Zn]on = 0
P o — ko tanh(ko(n+h)) =0

1o + kn tan(kn(n+h)) =0

MaSSEL 1993, Coast. Eng., PORTER & STAZIKER 1995, J. Fluid Mech.
ATHANASSOULIS & BELIBASSAKIS 1999, J. Fluid Mech., BEL. & ATH. 2011, Coast. Eng.
ATH. & PAPOUTSELLIS 2017, Exact semi-separation of variables in waveguides..., Proc. R. Soc. A 16/26
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on = [h (=9 1Z1 - p-2Z2) Zndz, Zn: [0.Zn]on = 0
P o — ko tanh(ko(n+h)) =0

1o + kn tan(kn(n+h)) =0

e O(n™) decay and term-wise differentiability for any 1o (provided that ®(z,-) and
its derivatives are H®(~h(z),n(x,t))) and 1, h € C*= Exact series expansion

MaSSEL 1993, Coast. Eng., PORTER & STAZIKER 1995, J. Fluid Mech.
ATHANASSOULIS & BELIBASSAKIS 1999, J. Fluid Mech., BEL. & ATH. 2011, Coast. Eng.
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Variational derivation of model equations

e extremize LUKE's functional S for functions of the form ® =Y v, Z,(z;n,h) = ¢Z
e Composition rule S[n,¢] = S[n,¢pZ] = S o (n,¢Z)

8pm : 0=(0n - Ny - [V(82)], ) [Zm], + 3 Linn[1, ] o, for all m

on: 0=[0:(¢2)], +gn+ %[v(w)]f] -y ( Y lnn[m, h]cpn)som

m

(o - 5062, (0021,

where

S Lun(m)pn = [ A@Z)Zndz =Ny - [V@D)].,, [Zn].,

Z l'mn (777 h)@n = /:: A(¢Z)871Z7ndz - Nh * [V(¢Z)],h [anZ'm],h
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Variational derivation of the HCMS (Sketch)

oo

A - Ny-[V(92)], + > Lmn[n,hleon =0, forall m=-2,...,00

o

9 =Ny - [V(62)],+ Y. Lmun[n hlen =0,
n=-2
> Lon[n,h]on— >, Lmn[n,hlon=0forall m=-2,...,00
n=—2 n=-2

!

o= Ny [9(62)], = AZ) = Nu [T (62)] 1. =0
!

Z Lopn[n,h]en =0, Z lmn[n, h]eon =0 forall m=-2,... 00

n=-—2 n=-2
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The Hamiltonian Coupled Mode System (HCMS)

e Introducing ¢ = Y77, ©n, the water wave problem takes the form
0 = =Vxn - Vacth + ((Vam)? + 1) (ho' 72 [0, h]tb + porp),
Bep = g - %(VXW + %(WXW +1)(hg' Foa[n 1 + pow)’,
where F_[n, h]¢ := p_2 is determined by solving a substrate

Z (AmnDx+ Bon - Vs + Cran )pn =0, m2-2, xeX,

n=-2

&
Z pn =1, xeX.
n=-2
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The Hamiltonian Coupled Mode System (HCMS)

e Introducing ¢ = Y77, ©n, the water wave problem takes the form
0 = =Vxn - Vacth + ((Vam)? + 1) (ho' 72 [0, h]tb + porp),
Bep = g - %(VXW + %(WXW +1)(hg' Foa[n 1 + pow)’,
where F_[n, h]¢ := p_2 is determined by solving a substrate

Z (AnznAx"’ Bin - Vx + Cimn)on =0, m2-2, xeX,

n=-2

&
Z pn =1, xeX.
n=-2

e DtN operator:

G, k] = =Vsn - Vxth + (Vxn)® + 1) (ho' Foz[n, R]9 + pot)
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HCMS e Linear Dispersion

Cww (tanh(mh()) )1/2
gho kho
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Cww (tanh(mh()) )1/2
gho kho

20/26



Validations

e L>-Error for the DtN operator o« N~**/2 L2Error for ® (flat bottom) oc N~ 7/2
e Steady Travelling Water Waves (\/ho = 0.5 — 28 up to breaking)

e Harmonic generation (mild and strong bottom slope)

e Bragg reflection (sinusoidal bottom)

e Collision, reflection and shoaling of solitary waves

e Generation of solitary waves by abrupt bottom movement (tsunamis)

e 3D regular waves over an ellipsoidal bump and semicircular shoal

e Extreme waves over flat and variable depth (nonlinear wavegroups)

e Solitary waves over undulating bathymetry, abrupt deepenings and trenches
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Harmonic Generation
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Harmonic Generation
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Solitary Waves
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Semi-circular shoal

Video
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Semi-circular shoal
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